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Abstrat
Integrable quantum mehanial systems with magneti elds are
onstruted in two-dimensional Eulidean spae. The integral of mo-
tion is assumed to be a rst or seond order Hermitian operator. Con-
trary to the ase of purely salar potentials, quadrati integrability
does not imply the separation of variables in the Shrödinger equation.
Moreover, quantum and lassial integrable systems do not neessarily
oinide: the Hamiltonian an depend on the Plank onstant h¯ in a
nontrivial manner.
1
1 Introdution
The purpose of this artile is to study the integrability properties of a quan-
tum partile moving in an external magneti eld. More speially, we will
onsider the Shrödinger equation in a two-dimensional Eulidean spae with
the Hamiltonian
H = − h¯
2
2
(∂2x+∂
2
y)−
ih¯
2
[A(x, y)∂x+∂xA(x, y)+B(x, y)∂y+∂yB(x, y)]+V (x, y).
(1.1)
The vetor and salar potentials (A,B) and V are to be determined from
the requirement that the system should be integrable, i.e. a well-dened
quantummehanial operatorX should exist, that ommutes with the Hamil-
tonian, i.e.
[H,X ] = 0. (1.2)
In this partiular study, we shall restrit to the ase when X is a rst or
seond order polynomial in the momenta. We shall be partiularly interested
in the ase of superintegrable systems, when two independent operators, X1
and X2, ommuting with the Hamiltonian exist. In general, X1 and X2 do
not ommute with eah other, but together generate an algebra of operators,
ommuting with H .
In lassial mehanis, integrable systems are of interest, beause they
have regular trajetories. Indeed, their motion is restrited to a torus in
phase spae. Superintegrable systems are even more regular. Trajetories
are ompletely determinded by the values of the 2n− 1 integrals of motion.
In partiular, all bounded trajetories are periodi, as in the ase of the
harmoni osillator, or Kepler problem.
In quantum mehanis, integrability, i.e. the existene of n integrals of
motion, provides a omplete set of quantum numbers, haraterizing the sys-
tem. Moreover, it simplies the alulation of energy levels and wave fun-
tions. Superintegrability, in all ases studied so for, entails exat solvability.
This means that energy levels in superintegrable systems an be alulated
algebraily, i.e. they satisfy algebrai rather than transendental equations.
Previous searhes for integrable and superintegrable systems in quantum
mehanis onentrated on salar potentials only [1℄-[10℄. It was established
that for salar potentials the existene of rst and seond order integrals
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of motion implies the separation variables in the Shrödinger equation, and
also in the Hamilton-Jaobi equation in lassial mehanis. Moreover, for
salar potentials and seond order integrals of motion, lassial and quantum
integrable systems oinide (i.e. lassial and quantum potentials are the
same).
Surprisingly, when third order integrals are onsidered, a new phenomenon
ours: integrable and superintegrable quantum systems that have no las-
sial ounterpart [11℄-[14℄. Indeed, in the lassial limit h¯ → 0 the potential
vanishes, V (x, y)→ 0 and we obtain free motion.
Previous studies of integrability in magneti elds were onduted in the
framework of lassial mehanis [15℄, [16℄. It was established that the exis-
tene of seond order integrals of motion in the presene of magneti elds no
longer implies the separation of variables. However, the integrals of motion
were still lassied into equivalene lasses under the ation of the Eulidean
group and the highest order terms have the same form as in the ase of a
purely salar potential.
In this paper we restrit ourselves to the two-dimensional Eulidean spae
E(2), the Hamiltonian (1.1) and to rst, or seond order integrals. In Se-
tion 2 we formulate the problem of nding the integrals of motion, rst in
the lassial, then in the quantum ase. We show that the determining equa-
tions in the two ases are the same for rst order integrals of motion, not
however for seond order ones. Setion 3 is devoted to rst order integrals
of motion. They are shown to exist if and only if the magneti eld and an
eetive salar potential are invariant under either translations, or rotations.
We also show that superintegrability with two (or more) rst order integrals
ours only for a onstant magneti eld and eetive potential. In Setion
4 we onsider a spei lass of seond order operators whih we all arte-
sian integrals. In the absene of a magneti eld they lead to separation of
variables in artesian oordinates. We also show that superintegrability with
one artesian integral and a seond integral of any (quadrati) type ours
only for a onstant magneti eld. In the artesian ase there is no dierene
between lassial and quantum integrability. Polar integrability and super-
integrability are investigated in Setion 5. All ases of integrability with one
polar integral of motion are identied. The quantum ase diers from the
lassial one and the magneti eld an depend on the Plank onstant h¯ in
a nontrivial manner. In Setion 6 we show that a polar integral an exist
simultaneously with any other independent seond order integral only if the
magneti eld is onstant. The nal Setion 7 is devoted to onlusions and
3
open problems.
2 Formulation of the problem
2.1 Classial mehanis
Sine we will be omparing results in quantum and lassial mehanis, let
us briey reapitulate some results obtained earlier [15℄, [16℄. The lassial
ounterpart of the Hamiltonian (1.1) is
H =
1
2
(p2x + p
2
y) + A(x, y)px +B(x, y)py + V (x, y), (2.1)
where px and py are the momenta onjugate to x and y, respetively. The
lassial equations of motion in the Hamiltonian form are
x˙ = ∂H
∂px
= px + A, y˙ =
∂H
∂py
= py +B
p˙x = −∂H∂x = −Vx − Axpx −Bxpy, p˙y = −∂H∂y = −Vy − Aypx − Bypy
(2.2)
The equation of motion (2.2) an be rewritten in the Newton form as
x¨ = −Wx + Ωy˙,
y¨ = −Wy − Ωx˙, (2.3)
W = V − 1
2
(A2 +B2),
Ω = Ay −Bx. (2.4)
The equations of motion (2.3) are invariant under a gauge transformation
of the potentials
V (x, y)→ V˜ (x, y) = V + ( ~A,▽φ) + 1
2
(▽φ)2,
~A(x, y)→ ~˜A(x, y) = ~A+▽φ, (2.5)
where we have put
~A = (A,B) and φ = φ(x, y) is an arbitrary smooth
funtion. Thus, the quantities that are of atual physial importane are the
magneti eld Ω and the eetive potential W .
A lassial rst integral of motion is postulated to have the form
C = f1(x, y)x˙+ f2(x, y)y˙ +m(x, y). (2.6)
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The determining equations for the funtions f1, f2 and m are obtained
from the requirement
{H,C} = dC
dt
= 0, (2.7)
when eq. (2.2) are satised, i.e. C is a onstant on the solutions of the
equations of motion and Poisson ommutes with the Hamiltonian.
Similarly, a lassial seond order integral of motion has the form
C = g1(x, y)x˙
2+g2(x, y)y˙
2+g3(x, y)x˙y˙+k1(x, y)x˙+k2(x, y)y˙+m(x, y). (2.8)
The determining equations for the funtions gi, ki and m are again ob-
tained from the ondition (2.7).
The equations for the oeients of the rst and seond order lassial
integrals of motion were derived and partially solved elsewhere [15℄, [16℄. We
shall give them again below as lassial limits of the orresponding equations
in the quantum ase. To failitate a omparison, we must rewrite the lassial
integrals in terms of momenta, rather than veloities, i.e. substitute x˙ =
px + A, y˙ = py +B.
2.2 Quantum mehanis
In quantum mehanis an integral of motion will be a Hermitian operator X
that ommutes with the Hamiltonian H .
Let us rst onsider a rst order integral in the momenta:
X = −ih¯
2
(f1∂x + ∂xf1 + f2∂y + ∂yf2) + f1A+ f2B +m. (2.9)
The lassial limit of the operator (2.9) is the integral (2.6); f1, f2 and m
are funtions of x and y.
The ommutator [X,H ] with H as in eq. (1.1) will ontain seond, rst
and zero order terms in the derivatives. Setting the oeients of all of them
equal to zero, we obtain the following set of determining equations
f1,x = 0, f2,y = 0, f1,y + f2,x = 0, (2.10)
−f2Ω+mx = 0, f1Ω +my = 0, f1Wx + f2Wy = 0. (2.11)
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We see that the Plank onstant h¯ does not gure in eq. (2.10) and (2.11).
Hene these equations must oinide with their lassial limit, and indeed,
they do [15℄. In partiular, eq. (2.10) implies
f0 = αy + β, f1 = −αx+ γ, (2.12)
where α, β and γ are real onstants. Hene the leading terms (independent
of A, B and m) of the operator X of eq. (2.9) lie in the Lie algebra e(2) of
the Eulidean group E(2), generated by
P1 = −ih¯∂x, P2 = −ih¯∂y, L3 = −ih¯(y∂x − x∂y). (2.13)
Thus, we have
X = αL3 + βP1 + γP2 + α(yA− xB) + βA+ γB +m. (2.14)
We shall write the seond order operator orresponding to the integral (2.8),
after symmetrization, as
X = −1
2
h¯2{2g1∂2x + 2g2∂2y + 2g3∂x∂y
+(2g1,x + g3,y)∂x + (2g2,y + g3,x)∂y + g1,xx + g2,yy + g3,xy}
− ih¯
2
{(4g1A + 2g3B + 2k1)∂x + (4g2B + 2g3A + 2k2)∂y
+2g1Ax + 2g1,xA+ 2g2By + 2g2,yB + g3Ay + g3Bx + Ag3,y +Bg3,x
+k1,x + k2,y}+ g1A2 + g2B2 + g3AB + k1A+ k2B +m
(2.15)
The ommutativity ondition [H,X ] = 0 implies the following set of
determining relations:
g1,x = 0, g2,y = 0, g1,y + g3,x = 0, g2,x + g3,y = 0, (2.16)
k1x − g3Ω = 0, k2y + g3Ω = 0,
2Ω(g1 − g2) + k1y + k2x = 0,
2g1Wx + g3Wy + k2Ω−mx = 0,
2g2Wy + g3Wx − k1Ω−my = 0,
(2.17)
k1Wx + k2Wy +
h¯2
4
(g2xΩy − g1yΩx) = 0. (2.18)
Eq. (2.16) and (2.17) are the same as the lassial ones [15℄. Eq. (2.18) is
however dierent. It involves the Plank onstant and redues to the lassial
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ase only in the limit h¯→ 0. Thus, in the presene of a nononstant magneti
eld Ω(x, y), lassial and quantum integrability dier!
Eq. (2.16) an be solved as in the lassial ase [15℄ and they imply
g1 = αy
2 − βy + δ,
g2 = αx
2 + γx+ ζ,
g3 = −2αxy + βx− γy + ξ,
(2.19)
where the Greek letters represent real onstants. Substituting (2.19) into (2.15)
we obtain the operator X in the form
X = α[(L3 + yA− xB)2 + h¯2]− 12β[(L3 + yA− xB)(P1 + A)
+(P1 + a)(L3 + yA− xB)]− 12γ[(L3 + yA− xB)(P2 +B) + (P2 +B)
(L3 + yA− xB)] + δ(P1 + A)2 + ζ(P2 +B)2 + ξ(P1 + A)(P2 +B)
− ih¯
2
(2k1∂x + k1,x + 2k2∂y + k2,y) + k1A+ k2B +m.
(2.20)
Thus, the leading part of eq. (2.20) lies in the envelopping algebra of e(2).
For A = B = 0 this oinides with the ase of a salar potential [1℄, [2℄, [17℄.
As in the salar ase we an simplify eq. (2.20) by Eulidean transformations
and linear ombinations with the Hamiltonian. The operator X is trans-
formed into a similar operator, with new values of the onstants α, ..., ξ.
Four lasses of suh operators exist, represented by
XC = (P1 + A)
2 − ih¯
2
(2k1∂x + k1,x
+2k2∂y + k2,y) + k1A+ k2B +m,
(2.21)
XR = (L3 + yA− xB)2 + h¯2 − ih¯2 (2k1∂x
+k1,x + 2k2∂y + k2,y) + k1A+ k2B +m,
(2.22)
XP = −12{(L3 + yA− xB)(P1 + A) + (P1 + A)(L3 + yA− xB)}
− ih¯
2
(2k1∂x + k1,x + 2k2∂y + k2,y) + k1A + k2B +m,
(2.23)
XE = (L3 + yA− xB)2 + h¯2 + σ[(P1 + A)2 − (P2 +B)2]
− ih¯
2
(2k1∂x + k1,x + 2k2∂y + k2,y) + k1A+ k2B +m, σ > 0.
(2.24)
In the ase of a purely salar potential the existene of a ommuting op-
erator of the type XC , XR, XP or XE implies that the Shrödinger equation
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will allow separation of variables in artesian, polar, paraboli or ellipti o-
ordinates, respetively. In the last ase σ is related to the interfoal distane
for the ellipti oordinates.
Substituting eq. (2.19) into eq. (2.18) we obtain
k1Wx + k2Wy +
h¯2
4
[(2αx+ γ)Ωy − (2αy − β)Ωx] = 0. (2.25)
Thus, for the speial ase α = β = γ = 0 lassial and quantum integra-
bility will oinide.
3 First order integrability and superintegrabil-
ity
A rst order integral (2.9) in quantum mehanis will exist if the overde-
termined system (2.10) and (2.11) has a solution. The general solution of
eq. (2.10) is given by eq. (2.12). Substituting into (2.11) we obtain:
(αx− γ)Ω+mx = 0, (αy+ β)Ω+my = 0, (αy+ β)Wx+ (−αx+ γ)Wy = 0.
(3.1)
We are only interested in ases with a magneti eld present, i.e. Ω 6= 0.
With no loss of generality, we need only distinguish two ases:
1. α = 1, β = γ = 0.
We obtain
W = W (ρ), Ω = Ω(ρ), ρ =
√
x2 + y2. (3.2)
We see that in this ase the magneti eld Ω and the eetive salar poten-
tial must be spherially symmetri. The potentials in the Hamiltonian (1.1)
an by a gauge transformation be taken into
A =
∫
Ω(ρ)ρdρ√
ρ2 − x2 , B = 0, V = W (ρ) +
1
2
A2. (3.3)
The integral of motion is
X = L3 + y
∫
Ω(ρ)ρdρ√
ρ2 − x2 −
∫
ρΩ(ρ)dρ. (3.4)
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2. α = β = 0, γ = 1.
The magneti eld and eetive potential are translationally invariant
Ω = Ω(x), W = W (x), (3.5)
and we an take
A = Ωy, B = 0, V = W + 1
2
y2Ω2,
X = P2 +
∫
Ω(x)dx.
(3.6)
The system (1.1) will be rst order superintegrable if at least two rst
order integrals (2.14) exist. This is only possible if the magneti eld and
eetive potential are onstant:
Ω = Ω0, W = W0. (3.7)
In this ase atually three operators ommuting with the Hamiltonian
exist and we have
H =
1
2
(ih¯∂x − Ωy)2 − h¯
2
2
∂2y , (3.8)
X1 = P1, X2 = P2 + xΩ0, X3 = L3 − 1
2
(x2 − y2)Ω0, (3.9)
where we have hosen the gauge to be suh that
A = Ω0y, B = 0, V =
1
2
Ω2y2. (3.10)
The lassial equations of motion (2.2) are easily solved. The trajetories
are irles (and are hene all losed). The Shrödinger equation allows the
separation of variables in artesian oordinates. The solution is
Ψ(x, y) = ei
λ
h¯
xf(y), (3.11)
where f(y) satises the harmoni osillator equation
f ′′ − {(Ωy + λ
h¯
)2 − 2E
h¯2
}f = 0. (3.12)
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The integrals of motion (3.9), together with the onstant Ω, satisfy the
ommutation relations of a entral extension of the Eulidean Lie algebra:
[X1, X2] = −ih¯Ω0, [X3, X1] = −ih¯X2, [X3, X2] = ih¯X1. (3.13)
Only three of the integrals X1, X2, X3 and H an be independent and
indeed they satisfy
X21 +X
2
2 + 2Ω0X3 − 2H = 0. (3.14)
In polar oordinates the Shrödinger equation
{1
2
(ih¯ cos(φ)∂r − sin(φ)r ∂φ − Ωr sin(φ))2
−1
2
(sin(φ)∂r +
cos(φ)
r
∂φ)
2}Ψ = EΨ (3.15)
R-separates [16℄, [18℄, rather than separates, and we have
Ψ(r, φ) = e−
i
4
Ωr2 sin 2φJm(kr)e
imφ, k2 = 2E +mΩ, (3.16)
where Jm(kr) is a Bessel funtion.
4 Cartesian integrability and superintegrabil-
ity
4.1 Integrability
In order to nd integrable systems with a seond order operator ommuting
with the Hamiltonian, we must solve the system (2.16) to (2.18). To do this,
we rst transform X to its anonial form, i.e. one of (2.21) to (2.24). We
start with the simplest ase, namelyXC of (2.21). We all this the artesian
ase, beause for a purely salar potential it orresponds to separation of
variables in artesian oordinates. It orresponds to α = β = γ = ζ =
ξ = 0 and δ = 1 in eq. (2.20). Eq. (2.25) implies that the determining
equations (2.16), (2.17) and (2.18) are the same in the lassial and quantum
ases (the h¯2 term in eq. (2.18) vanishes). For purely salar potentials Ω =
k1 = k2 = 0 we reobtain the known result W = W0(y) +m(x) [1℄. From now
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on we assume Ω 6= 0. For ompleteness, we reprodue the result obtained
earlier [15℄ in the lassial ase, sine it is valid in the quantum ase as well:
Ω = fxx + gyy,
W = a
3
(g − f)3 − b+d
2
(g − f)2 + (c+ k − e)(g − f),
k1 = −gy, k2 = −fx,
m = −a
3
(g3 + 2f 3 − 3gf 2) + b(fg − f 2) + d
2
(g2 − f 2) + c(g − 2f) + eg − kf.
(4.1)
Here a, b, c, d, e and k are onstants and the funtions f = f(x) and
g = g(y) satisfy
fxx = af
2 + bf + c, gyy = −ag2 + dg + e,
fx 6= 0, gy 6= 0. (4.2)
Two exeptional ases our when we have fx = 0 or gy = 0. These
however imply Ω = Ω(x), W = W (x) or Ω = Ω(y), W = W (y) respetively.
Then a rst order invariant exists and the seond order one is simply its
square. The general solution of eq. (4.2) are ellipti funtions.
4.2 Cartesian superintegrability
We shall now assume that Ω and W are suh that one artesian integral X1
exists, i.e. they satisfy eq. (4.1). We require that a seond integral X2 of the
type (2.20) should exist, in addition to the onsidered artesian one. We an
simplify the integral X2 by translation and by linear ombinations with X1
and H . Rotations an not be used, sine they would hange the form of the
operator X1 and of the Hamiltonian. Two ases must be onsidered, α 6= 0
and α = 0.
Case 1: α 6= 0
We set α = 1, by a translation we transform (β, γ) → (0, 0), by linear
ombinations we set (δ, ζ) → (0, 0). We are left with an operator X2 in the
form (2.20) with α = 1, β = γ = δ = ζ = 0. The onstant ξ and funtions
k1, k2 and m must be determined from the system (2.17), (2.18). Let us
onsider the ase when Ω and W are as in eq. (4.1). The rst two equations
imply
k1 = −2y(xfx − f)− x2ygyy + ξfx + ξxgyy + C1(y),
k2 = xy
2fxx + 2x(ygy − g)− ξyfxx − ξgy + C2(x). (4.3)
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We substitute k1, k2, Ω and W into the remaining four equations and in-
vestigate their ompatibility. After somewhat lengthy alulations we obtain
a simple result: the equations are ompatible for Ω 6= 0 if and only if Ω and
W are onstant. We arrive at the ase (3.7), already investigated in setion
3.
Case 2: α = 0
In order to obtain an independent seond order integral we must have
β2 + γ2 6= 0 and we an normalize β2 + γ2 = 1 and put δ = ζ = ξ = 0 (by
linear ombinations with H and X1). The set of equations (2.16) to (2.18) is
then again ompatible only for Ω and W onstant.
The onlusion of this setion is that for Ω 6= 0 artesian superintegra-
bility with two seond order integrals exists only in a trivial sense. Thus
Ω = Ω0, W = W0 and all seond order integrals are reduible: they are
polynomials in the three rst order ones.
5 Polar integrability
We now request that one seond order integral should exist and that it be
of the form (2.22). We shall all this operator XR a polar type integral. Let
us transform the determining equations (2.17), (2.18) to polar oordinates
x = r cos(φ), y = r sin(φ). The resulting equations are
Pr = 0, P +Qφ = 0, (5.1)
2r3Ω− Pφ − rQr +Q = 0, (5.2)
mφ − 2r2Wφ + rPΩ = 0, mr −QΩ = 0, (5.3)
h¯2
2
Ωφ + PWr +
1
r
QWφ = 0, (5.4)
where we have put P = k1 cos(φ) + k2 sin(φ) and Q = −k1 sin(φ) + k2 cos(φ).
We see that eq. (5.4) ontains a term proportional to h¯2. It follows that in
this ase quantum integrable systems will dier from lassial ones, at least
if we have Ωφ 6= 0. In the lassial limit h¯ → 0 the quantum systems will
redue to lassial ones, or to free motion. This is a new phenomenon. In
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the absene of magneti elds, lassial and quantum systems with seond
order integrals of motion oinide.
Eq. (5.1) imply
P = −f ′(φ), Q = f(φ) +R(r), (5.5)
with f(φ) and R(r) to be determined. We shall use primes and dots to denote
derivatives with respet to φ and r, respetively. We again assume Ω 6= 0.
Indeed, for Ω = 0 we obtain the known ase of a salar potential, separable
in polar oordinates: W = W0(r) +
W1(φ)
r2
.
We solve eq. (5.2) for the magneti eld
Ω = − 1
2r3
(f ′′ + f +R− rR˙). (5.6)
From eq. (5.3) we obtain a ompatibility ondition (mrφ = mφr), namely
2r2Wrφ+4rWφ+
3f ′
2r3
(f ′′+f+R−rR˙)+ f
′R¨
2r
+
1
2r3
(f+R)(f ′′′+f ′) = 0. (5.7)
Using eq. (5.4) to eliminate Wφ from eq. (5.7), we obtain, for
f + R 6= 0, f ′ 6= 0 (5.8)
an equation for W (r, φ) that we an solve
Wrr +
(3(f+R)−rR˙)
r(f+R)
Wr − h¯
2R˙(f ′′′+f ′)
4r3f ′(f+R)
+ 3(f+R)
4r6
(f ′′ + f +R− rR˙) + (f+R)R¨
4r4
+ (f+R)
2
4r6f ′
(f ′′′ + f ′) = 0.
(5.9)
We obtain
W = h¯
2(f ′′′+f ′)
8r2f ′
− 3f(f ′′+f)
32r4
− f ′′′
8f ′
r6u˙2 − r2
8
(r3u¨+ 3r2u˙)2 − f2(f ′′′+f ′)
32f ′r4
− Ff
2r2
+ (3f
′′
8
+ ff
′′′
8f ′
)ru˙+ 3f
′′
4
u− f
4r
(r3u¨+ 3r2u˙) + Fr3u˙+W0,
(5.10)
where F = F (φ) andW0(φ) are two new funtions, introdued as integration
onstants. We have also introdued the funtions u(r) and S(r), satisfying
S˙(r) =
1
r3
R(r), u˙(r) =
1
r3
S(r) (5.11)
13
Let us rst onsider the two speial ases in eq. (5.8).
For f(φ) +R(r) = 0 eq. (5.6) implies Ω = 0 and we are not interested in
this ase.
In the ase f ′(φ) = 0 we have
P = 0, Q = Q(r), W = W (r), m = Q
2
4r2
,
k1 = −Q(r) sin(φ), k2 = Q(r) cos(φ), (5.12)
and the lassial and quantum ases oinide. Moreover, a rst order integral
exists.
Let us return to the generi ase (5.10) with onditions (5.8) satised.
We substitute W of eq. (5.10) into eq. (5.3) and (5.4) to obtain
m =
ff ′′
4r2
+
f 2
4r2
+
fR
2r2
− f
′′S
2
+
R2
4r2
+m0(φ), (5.13)
m′0 = 2f
′F, (5.14)
...
u+
6
r
u¨− r
3u˙2
2
(
f ′′′
f ′
)′
1
f ′
+(
6
r2
+
C
2r2f ′
+
4F ′
f ′
)u˙+
3f ′′′
r3f ′
u+
4A
r7f ′
+
4B
r5f ′
+
4W ′0
r3f ′
= 0,
(5.15)
where
A = −9ff ′′′
32
− f2
32
(f
′′′
f ′
)′ − 15f ′f ′′
32
− 3ff ′
4
,
B = h¯
2
8
(f
′′′
f ′
)′ − fF ′
2
− 3f ′F
2
,
C = 6f ′′′ + f(f
′′′
f ′
)′,
(5.16)
The next task is to solve eq. (5.15). Notie that this is not a partial
dierential equation. It involves four unknown funtions u(r), f(φ), F (φ)
and W0(φ), eah depending on one variable only. Hene, we an onsider
this equation to be an ordinary dierential equation for u(r), and then es-
tablish the ompatibility onditions on the other unknowns for whih the φ
dependene will anel. The omplete analysis is rather lengthy and involves
the onsideration of many speial ases. We shall only present the main
arguments and nal results.
Case 1:
((
f ′′′
f ′
)′(
1
f ′
))′ = 0, (5.17)
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All subases lead to the following solution (or speial ases thereof):
f = C0 + C1 cos(φ) + C2 sin(φ),
F = K1, W0 = K2f +K3.
(5.18)
Eq. (5.15) then redues to
...
u +
6
r
u¨+
3
r2
u˙− 3
r3
u− 15C0
8r7
− 6K1
r5
+
4K2
r3
= 0. (5.19)
The general solution of eq. (5.19) is
u = − C0
8r4
+
2K1
r2
+
4K2
3
+ ar +
b
r
+
c
r3
, (5.20)
and hene we have
S = C0
2r2
− 4K1 + ar3 − br − 3cr ,
R = −C0 + 3ar5 − br3 + 3cr. (5.21)
Finally, the magneti eld and eetive potential in this ase are
Ω = 6ar2 − b, (5.22)
W = −2ar(C1 cos(φ) + C2 sin(φ)) + ab
2
r4 − 3acr2 − a2r6. (5.23)
Sine Ω does not depend on φ the lassial and quantum ases are the
same. The orresponding lassial integral of motion is
CR = (xy˙ − yx˙)2 + (−C2 − (3ar5 − br3 + 3cr) sin(φ))x˙
+(C1 + (3ar
5 − br3 + 3cr) cos(φ))y˙ − 3bcr2
2
+ 9acr
4
2
−3abr6
2
+ 2C1ar
3 cos(φ)− C1br cos(φ) + 2C2ar3 sin(φ)
−C2br sin(φ) + 9a2r84 + b
2r4
4
+ 9c
2
4
.
(5.24)
Case 2:
((
f ′′′
f ′
)′(
1
f ′
))′ 6= 0 (5.25)
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A omplete analysis [19℄ shown that eq. (5.15) in this ase is onsistent
only if we have
u =
a
8r4
+
b
2r2
+ c (5.26)
and hene
S = − a
2r2
− b, R = a. (5.27)
Moreover, the funtion f(φ) must satisfy
(f + a)2(
f ′′′
f ′
)′ + 24f ′(f + a) + 9f ′′′(f + a) + 15f ′f ′′ = 0. (5.28)
The funtions F (φ) and W0(φ) are given expliitly in terms of f(φ) as
F = − bf ′′′
4f ′
+ h¯
2
4(f+a)3
((f + a)2 f
′′′
f ′
− 2(f + a)f ′′ + (f ′)2) + C1
(f+a)3
,
W0 =
b2f ′′′
8f ′
+ bF − 3cf ′′
4
+ C2.
(5.29)
We integrate eq. (5.28) twie and put y = f + a to obtain the seond
order equation
y′′ = −2
y
(y′)2 − 3y + 4A
y
+
B2 − A2
y3
(5.30)
where A and B are onstants.
This equation has a rst integral K, in terms of whih we have
y4(y′)2 = −y6 + 2Ay4 + (B2 − A2)y2 +K. (5.31)
This equation an be written as a quadrature that will express the in-
dependent variable φ as a funtion of y in terms of ellipti integrals. The
results are not very illuminating, so instead of presenting them, we restrit
ourselves to some speial ases. Let us rst rewrite eq. (5.31) as
y4(y′)2 = −(y2 − y21)(y2 − y22)(y2 − y23) ≡ T (y), (5.32)
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where the roots y1, y2 and y3 are related to the onstants A, B and K by the
formulas
K = y21y
2
2y
2
3, B
2 −A2 = −(y21y22 + y22y23 + y23y21), 2A = y21 + y22 + y23. (5.33)
If all the roots yi are real, the behavior of the polynomial T (y) as a
funtion of y is shown on Fig. 1(a).
If all roots are distint (0 < y3 < y2 < y1 <∞), real periodi solutions are
obtained for −y3 ≤ y ≤ y3, y2 ≤ y ≤ y1 and −y1 ≤ y ≤ y2. However, these
are expressed in terms of ellipti funtions and the period is not a multiple
of π. Constant solutions of eq. (5.32) are obviously y = ±yk, k = 1, 2 or 3.
Elementary φ dependent real nite periodi solutions are obtained when-
ever the polynomial T (y) has multiple roots. The orresponding solutions
are
(1) y3 = y2 = 0, y1 > 0 (See Fig. 1(b))
y = y1 sin(φ− φ0) (5.34)
(2) 0 = y3 < y2 < y1 (See Fig. 1())
y = ± 1√
2
√
y21 + y
2
2 + (y
2
1 − y22) sin 2(φ− φ0) (5.35)
or in terms of A and B:
y = ±
√
A+B sin 2(φ− φ0) (5.36)
(3) 0 < y3 < y2 = y1 (See Fig. 1(d))
In this ase we give the solution y impliitly as
−2
√
y21 − y23 arcsin( yy3 ) + y1(arcsin(
y2
3
+yy1
y3(y+y1)
− arcsin( y23−yy1
y3(y−y1)
) = ±2
√
y21 − y23(φ− φ0)
(5.37)
The solution is real, nite and periodi for −y3 ≤ y ≤ y3.
For any solution y(φ) of eq. (5.31) we obtain a magneti eld and eetive
potential in the form
Ω = −f
′′ + f + a
2r3
(5.38)
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W =
h¯2
8r2
(1+
2f ′′
f + a
− (f
′)2
(f + a)2
)−(f + a)
2
32r4
(
f ′′′
f ′
+4)−3f
′′(f + a)
32r4
− C1
2r2(f + a)2
+C2,
(5.39)
The funtions P , Q and m guring in the polar integral are
P = −f ′(φ), Q = f(φ) + a,
m = ff
′′+(f+a)2+af ′′
4r2
− bf ′′
2
− C1
(f+a)2
+ h¯
2
4(f+a)2
(2(f + a)f ′′ − (f ′)2). (5.40)
Let us sum up the results of this setion. Three dierent ases of polar
integrability exist. They are given by eq. (5.12), (5.22) to (5.24) and (5.38)
to (5.40), respetively. The last ase provides an example where the quan-
tum system and the lassial one dier. Indeed, the Plank onstant gures
expliitly in the eetive potential W and in the integral of motion.
6 Polar superintegrability
Let us assume that we have a Hamiltonian (1.1) that is polar integrable,
i.e. allows an integral of motion of the form XR as in eq. (2.22). The
magneti eld Ω and eetive potential W must hene have one of the three
forms established in Setion 5. For the system to be superintegrable, it must
allow at least one further integral, by assumption of the form (2.20). We an
simplify this seond integral by linear ombinations with XR and with H and
also by rotations, sine they will not destroy the form of XR (nor H). Thus,
in eq. (2.20) we take α = 0, ζ = −δ. Furthermore, we an assume β2 + γ2 6=
0, sine otherwise we would be in the ase of artesian superintegrability,
already treated in Setion 4. By a rotation and normalization, we an set
β = 1, γ = 0. It follows that the seond integral X2 is of the paraboli type,
onjugate to XP of eq. (2.23).
The determining equations for X2, obtained from (2.17) and (2.18) are
k1,x − (x+ ξ)Ω = 0, k2,y + (x+ ξ)Ω = 0, (6.1)
−2βΩy + k1,y + k2,x = 0, (6.2)
−2yWx + (x+ ξ)Wy + k2Ω−mx = 0,
(x+ ξ)Wx − k1Ω−my = 0, (6.3)
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k1Wx + k2Wy +
h¯2
4
βΩx = 0. (6.4)
For eah of the three polar integrable systems we obtain the same result,
namely: equations (6.1) to (6.4) are ompatible only if Ω = Ω0 and W = W0
are onstant. Then we have three rst order integrals and the orresponding
seond order integrals are polynomial in the rst order ones.
7 Conlusions
We have onstruted all integrable quantum systems with a vetor and salar
potential (as in eq. (1.1)) that possess either a rst order integral, or a seond
order one of the artesian, or polar type.
It is interesting to ompare suh systems with a nonzero magneti eld
Ω with systems allowing a salar potential only.
1. The rst dierene is that for Ω 6= 0 quantum and lassial integrable
systems with seond order integrals do not neessarily oinide. The Plank
onstant h¯ an gure in a nontrivial way in the potentials and integrals of
motion.
2. The existene of a rst order integral of motion implies a geometrial
symmetry, both for Ω 6= 0 and Ω = 0. Indeed, a rst order integral exists if
and only if we have either Ω = Ω(r), W = W (r), or Ω = Ω(y), W = W (y)
(up to Eulidean transformations). The funtions Ω and W are arbitrary in
both ases.
3. The existene of a seond order integral for Ω = 0 implies that the
Shrödinger equation will allow separation of variables in artesian, polar,
paraboli, or ellipti oordinates. In eah ase the potential V (x, y) depends
on two arbitrary funtions of one variable. For Ω 6= 0 the oordinates no
longer separate. The requirement that an irreduible seond order integral
should exist for Ω 6= 0 is muh more restritive than for Ω = 0. The quant-
tities Ω(x, y) and W (x, y) again depend on two funtions of one variable,
however these funtions obey ertain ordinary dierential equations. They
are hene determined ompletely, up to some arbitrary onstants. For in-
stane, in the artesian ase, they are ellipti funtions, or degenerate ases
of ellipti funtions.
4. For Ω = 0 four families of superintegrable systems in E(2) exist [1℄,
eah depending on three parameters. For Ω 6= 0 we have shown that super-
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integrability with rst order integrals of the artesian, or polar type, exists
only for Ω and W onstant.
Several related problems are presently under onsideration. To omplete
the study of quadrati integrability in E(2) for Ω 6= 0 we must still onsider
paraboli and ellipti integrability. For Ω = 0 their is a lose relation between
superintegrability and exat solvability [20℄. For Ω 6= 0 the requirement
of superintegrability seems to be too restritive. An important question is
whether some of the integrable systems found in this artile are atually
exatly solvable.
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() One double root, two pairs of single
ones
T(y)
y
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1
y
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3
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(d) One pair of double roots and one of
simple ones
Figure 1: Roots of the polynomial T(y) in eq. (5.32)
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